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A method for the calculation of quantum partition functions, and bound eigenvalues and eigen-
functions of the Hamiltonian operator is presented. The method is based on the discretization of the
transfer matrix that relates the Feynman path integral to the conventional operator formulation of
quantum mechanics. Its implementation is very simple, only requiring the diagonalization of the

discretized transfer matrix.

The method is applied to the harmonic oscillator and Morse potential. The results are in excellent

agreement with the exact ones.
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1. Introduction

In the last years, path integral methods have been
used frequently for the calculation of quantum parti-
tion functions and ensemble averages.

Molecular dynamics (MD) or, more typically, the
Monte Carlo (MC) algorithm of Metropolis [1] have
been used for the numerical implementation of those
methods. Brownian dynamics also has been used suc-
cessfully [2, 3] and it appears to give a better conver-
gence rate. Although such techniques are very power-
ful, they have the disadvantage of requiring the
generation of very many configurations in order to
obtain accurate results even for systems of low dimen-
sionality. Nevertheless, they seem to be the only viable
techniques for systems with many degrees of freedom.

However, for systems with few quantum degrees of
freedom, other approaches have been proposed which
are very efficient in terms of execution time. The work
of Nauenberg et al. [4], based on the renormalization
group method for the resolution of the Ising model,
and the numerical matrix multiplication method
(NMM) of Thirumalai et al. [5], are examples of those
approaches.

The use of the transfer matrix to relate the Feynman
path integral to the conventional operator formula-
tion of quantum mechanics is well known [6, 7]. The
diagonalization of the transfer matrix is equivalent to
the diagonalization of a matrix representation of the
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Hamiltonian — the approach usually used in quantum
chemistry to find the energy eigenvalues. In this con-
text, we present a method to deal with systems with
only a few quantum degrees of freedom and based on
a discretized transfer matrix. The method is much
more efficient than the usual MC methods and, in
addition to the partition function, it also provides the
eigenvalues and eigenfunctions of the Hamiltonian
operator. The discretization of configuration space is
also fundamental to very recent approaches [8, 9]
which produce the eigenvalues and eigenfunctions of
the Hamiltonian, but in a different way.

For the sake of simplicity the method is derived for
1-D systems. In particular the method is applied to the
harmonic oscillator and Morse potentials. The values
of the free energy, internal energy, and the eigenvalues
and eigenfunctions are compared with exact ones.

2. The Method

The partition function for a quantum system can be
written as

Z = Trlexp(—pH), (2.1)

where H is the Hamiltonian operator and f is the
inverse of the absolute temperature multiplied by
Boltzmann’s constant.

For a single particle of mass m moving in one linear
dimension under the influence of a potential V(x) the
Hamiltonian operator is

H=p2m+V(). 2.2)
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Using Trotter’s formula [10], it is easy to derive
the representation of the partition function as a dis-
cretized path integral:

mP \P?
Z=jdx1jdx2"~j.dxp<m>
“exXp[—B Vige(xy, X5, ..., xp)], (2.3)
where
Veer (%15 X35 - .5 Xp)

(2.4)

mP P , 1 r
=app I, G X+ 5 T V) +V)

with the periodic boundary conditions
i=P.

Kppqg =%y i

The effective potential can be visualized as describ-
ing a ring of P beads, each one interacting with its
neighbours through a harmonic potential and feeling
the average potential [V(x;)+ V(x;, ;)]/2 with a strength
reduced by 1/P. When P — o0, (2.3) can be formally
written as a full path integral:

hp
Z= jgx exp {— % [ de[1/2mx(x)*+ V(x (r))]}.(Z.S)
0

Introducing discretization of configuration space
we obtain

mP P2
Z;A.P -
o E(znh2ﬂ>

cexpl—pVuela, 4x, ..., ap4x)], (2.6)

where A4x is a uniform spatial step and the coefficients
a; are integers. The integration limit of the integrals in
(2.3) are substituted by —1/2 and [/2, where [ is an
integer appropriately chosen according to the prob-
lem considered as explained in greater detail at the
end of this section.

When discretized, the effective potential, Vg, as-
sumes the form

mP r 5
2 (@;4 Ax—a; Ax)

Vi =
eff thﬁl =

2.7)

¥ % i:il [V(a; 4x)+V(a;, 4x)].

Introducing the discretized transfer matrix

a|l|a’y = exp {—ﬁ (% (@dx—a'Ax)>  (28)

+ % [V(adx)+ V(a'Ax)]>}»
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one may write the partition function as
mP

Z;Ax”(—)/ DIDINEEDIRC AP

aniip) =2Z 23)

“Lay|as)...{ap||ay).

Considering the unity in the form

Yla;y<a;l =1 (i=2,....P) (2.10)
we obtain
of mP R R
Z = Ax <2nh2ﬂ> E(a1|H la,> (2.11)
or
P P/2
Z = AxP | —— Tr I1°. 2.12)
2nh*p
Finally
mP P/2
Z ~ AxF AL, 213
i <27!h2ﬂ> Zi:/l ( )

where /; are the eigenvalues of the matrix I1. They are
related to the eigenvalues of the operator exp(—f H)
through the equation

mP P/2 .
eXp(_ﬂEi);Axp(2nh2,B> i

The eigenvectors of the matrix II are also the
discretized eigenvectors (a;4x) of the operator
exp(— B H), apart from a multiplicative factor.

We should emphasize that P, which ensures the
convergence, is just a parameter and the execution
time does not depend upon it. This is not so in MD
and MC methods where an increase in P, always
necessary at low temperatures, implies an integration
over more variables.

On the other hand, we must ensure that the space
interval (—1/2, [/2) is sufficiently large in order to con-
tain the essential features of the wave functions. This
can be easily verified by looking at the resulting eigen-
functions and ensuring that their values at the
boundaries are very small. The value of 4x must be
sufficiently small so that the resolution is acceptable.
A partition of the space interval into 100—400 steps is
sufficient for the present applications.

For each case under study, the values of P and 4x

(2.14)

-must be varied in order to check the convergence.
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3. Applications

a) Harmonic Oscillator

The Hamiltonian for a one-dimensional harmonic
oscillator is

H=p2m+12mw?x?, (3.1)

where o is the angular frequency. Its simplicity and
exact analytical solutions make the harmonic oscilla-
tor a typical test example.

Wetakem=1,h=1,w=1, f=Sand Aé=|/mw/h Ax
=0.09.

In Table 1 we present the values of the free energy
and internal energy obtained for different values of P
and with a matrix of dimension N=99. The exact
values of A and (U), at P= o0, are respectively

A=(1/p)In[2 sinh(1/2 Bhw)] (3.2)
and
Uy=hw/2+ [hwexp(—Phw)]/[1 —exp(—phw)].
(3.3)

The convergence is very good and, as we have
noted, the execution time does not depend on the
value of P. The program takes a few seconds on a
Vax 3600.

Table 2 shows the first six eigenvalues, obtained
with P=600 and two matrices of dimensions 99 and
199. The exact values are given by

E,=hon+1)2). (3.4)

Figures 1-4 compare the first four eigenfunctions
with the exact ones. The overall agreement is excellent.

Once we have obtained the eigenvalues and eigen-
vectors of the Hamiltonian operator, in a single run,
we can calculate the partition function at other tem-
peratures.

b) Morse Potential
The potential [11],

V(x)=D, {1 —exp[—a(x—x,)}’ (3.5)

has been extensively used to model diatomic mole-
cules. D, is the equilibrium energy and x,, is the equi-
librium distance.

The Hamiltonian operator is

hd?

H(x)=—W—

D {1 —exp[—a(x—x,)I}*, (3.6)

where u is the reduced mass.
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Table 1. Free energy (A4) and internal energy ((U)) for the
harmonic potential for several values of P (N =99).

P A KU>

10 0.493510 0.501999

20 0.497337 0.505562

70 0.498540 0.506683
100 0.498595 0.506735
200 0.498635 0.506772
300 0.498643 0.506779
400 0.498646 0.506782
500 0.498647 0.506783
600 0.498648 0.506784
0 0.498648 0.506784

Table 2. The first eigenvalues of the harmonic oscillator ob-
tained with P =600.

n N=99 N=199 Exact
0 0.4999998 0.4999998 0.5
1 1.4999971 1.4999969 1.5
2 2.4999987 2.4999939 2.5
3 3.5000463 3.4999909 3.5
4 4.5004301 4.4999879 4.5
5 5.5025903 5.4999850 5.5

Table 3. Morse parameters for HF.

D, =6.125eV = 0.22508 a.u. My = 1.00797 am.u.
« =11741a,"! Mg =189984 am.u.
Xo =1.7329 a,

The exact eigenvalues are

E,=D,B(n+1/2)[2—B(n+1/2)] (3.7)

with

B=h?B*2uD,. (3.8)

We used the parameters for the molecule HF given
in Table 3.

The spatial interval was discretized into 199-399
steps, and we have ensured that the 23 eigenfunctions
for the bound states of HF were well represented in
that interval.

The energy eigenvalues for the 23 bound states of
HF are shown in Table 4 and compared with the exact
ones [12]. The overall agreement is rather good. If we
were only interested in the lower energy levels, the
spatial interval should be shortened, and with the
same discretization a greater precision should be ob-
tained.

Figures 5—8 compare the eigenfunctions for the
levels 3, 10, 15 and 22 of HF with the exact ones. The
overall agreement is excellent.
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Fig. 1. The exact ground state eigenfunction (solid line), and
our results (stars), for the harmonic oscillator.
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Fig 2. The exact first excited level eigenfunction (solid line),
and our results (stars), for the harmonic oscillator.
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Fig. 3. The exact second excited level eigenfunction (solid
line), and our results (stars), for the harmonic oscillator.
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Fig. 4. The exact third excited level eigenfunction (solid line),
and our results (stars), for the harmonic oscillator.
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Fig. 5. The exact v=3 level eigenfunction (solid line), and our ~ Fig. 7. The exact v=15 level eigenfunction (solid line), and
results (stars), for the Morse potential. our results (stars), for the Morse potential.
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Fig. 6. The exact v=10 level eigenfunction (solid line), and  Fig. 8. The exact v=22 level eigenfunction (solid line), and
our results (stars), for the Morse potential. our results (stars), for the Morse potential.
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Table 4. Comparison of the eigenvalues obtained for the
Morse potential with the exact analytic ones.

Quan- P =100 P =205 P =330 Exact
tum N =199 N =299 N =399 results
no. Ax=0.046 Ax=0031 Ax=0.023
0 0.0093293  0.0093304  0.0093306  0.0093307
1 0.0273960  0.0273987  0.0273993  0.0273996
2 0.0446728  0.0446771  0.0446780  0.0446785
3 0.0611599  0.0611655  0.0611667  0.0611673
4 0.0768571  0.0768639  0.0768653  0.0768661
5 0.0917645  0.0917724  0.0917739  0.0917748
6 0.1058821  0.1058908  0.1058925  0.1058935
P 0.1192099  0.1192193  0.1192211  0.1192221
8 0.1317478  0.1317577  0.1317596  0.1317607
9 0.1434959  0.1435062  0.1435081  0.1435093
10 0.1544542  0.1544646  0.1544666  0.1544677
11 0.1646226  0.1646331  0.1646351 0.1646362
12 0.1740012  0.1740115  0.1740135  0.1740146
13 0.1825899  0.1826000  0.1826019  0.1826029
14 0.1903887  0.1903984  0.1904002  0.1904011
15 0.1973977  0.1974068  0.1974085  0.1974094
16 0.2036168  0.2036252  0.2036268  0.2036276
17 0.2090460  0.2090536  0.2090550  0.2090557
18 02136853  0.2136920  0.2136932  0.2136938
19 02175347  0.2175403  0.2175413  0.2175418
20 0.2205942  0.2205986  0.2205994  0.2205998
21 0.2228637  0.2228669  0.2228675  0.2228678
22 0.2243434  0.2243452  0.2243456  0.2243457

5. Conclusions

The transfer matrix grid method (TMG) allows the
calculation of the quantum partition function at a
given temperature. Since it diagonalizes the density
operator it also simultaneously provides the eigen-
values and eigenfunctions of the Hamiltonian operator.
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The examples show the applicability of the method
and the accuracy of the results.

We should emphasize that the implementation of
the method is very simple. It only requires a diagonal-
ization routine, and the setup of the matrix is trivial
since each matrix element is a simple exponential
term. In addition the execution times are very short.

A shortcoming of the method, when its generaliza-
tion to many dimensions is considered, is the high
order of the matrices which must be diagonalized.
However, the method seems to be well suited to treat
systems consisting of few quantum degrees of freedom
coupled to a classical solvent. Combining the TMG
method with the Monte Carlo method, one can simu-
late a system in which the vibrations are treated as
quantum degrees of freedom and all other degrees of
freedom are treated classically, in a perspective similar
to that of Berne and Herman [13, 14]. Apart from
thermodynamic properties and distribution functions,
we can calculate the eigenvalues and eigenfunctions of
the quantum sub-system. Therefore we can have ac-
cess to spectroscopic properties as well as to the effect
of the solvent on the vibrational levels (including the
higher ones). Work is in progress and we intend to
present the results in a future communication [15].
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